In this paper, we study the blow-up solutions, global existence, and exponential decay estimates for a class of second order parabolic problems with Dirichlet boundary conditions. By constructing auxiliary functions and using maximum principles, the sufficient conditions for the existence of the blow-up solution, the sufficient conditions for the global existence of the solution, an upper bound for the 'blow-up time' , and some explicit exponential decay bounds for the solution and its derivatives are specified.
Introduction
Many authors have studied the blow-up solutions, global existence, and exponential decay estimates of nonlinear parabolic problems (see, for instance, [-]). In this paper, we investigate the following second order parabolic problems with Dirichlet boundary conditions: His purpose was to establish conditions on the data sufficient to guarantee blow-up of solution at some finite time, conditions to ensure that the solution remains bounded as well as conditions to derive some explicit exponential decay bounds for the solution and its derivatives. Some authors also discussed blow-up phenomena for parabolic problems with Dirichlet boundary conditions and obtained a lot of interesting results (see, for instance,
In the process of heat conduction and mass diffusion, many problems can be summarized as the problem (.). Therefore, in this paper, we study the problem (.). By constructing auxiliary functions and using maximum principles, the sufficient conditions for the existence of the blow-up solution, the sufficient conditions for the global existence of the solution, an upper bound for the 'blow-up time' , and some explicit exponential decay bounds for the solution and its derivatives are specified. Our results extend and supplement those obtained in [, ] .
We proceed as follows. In Section  we study the blow-up solution of (.). Section  is devoted to the global solution of (.) and the explicit exponential decay bounds for the solution. The explicit exponential decay bounds for the derivatives of the solution are given in Section . A few examples are presented in Section  to illustrate the applications of the abstract results.
Blow-up solution
In order to get the sufficient conditions for the existence of the blow-up solution, we define the following functions:
The following theorem is the main result for the blow-up solution.
Theorem . Let u be a classical solution of the problem (.). Suppose we have the following.
where α is a positive constant.
Then u(x, t) must blow up at some finite time t * < T and
Proof Making use of the differential equation (.), of the divergence theorem, of the fact that g ≤  and of the assumption (.), we have
It follows from the divergence theorem that
Consequently, B(t) is a nondecreasing function in t and
By the Schwarz inequality, (.), and (.), we have
It follows from (.) and (.) that
Thus,
With (.) and (.), we get
which cannot hold for
Hence, u(x, t) must blow up at some finite time t * < T. The proof is complete.
Global solution
In order to get the sufficient conditions for the existence of the global solution and the explicit exponential decay bounds for the solution, we suppose the following:
where p(s) and q(s) are nondecreasing functions of s. Since the solution of problem (.) might blow up in a finite time t * , the solution exists in an internal (, γ ) with γ < t * . Further we define
u(x, t) (< +∞).
Next, we give two lemmas from which the main results of this section are derived.
Lemma . Let u be a classical solution of the problem (.). Suppose that (.) holds and
where c is a positive constant. Then
Proof Construct an auxiliary function
from which we have
It follows from (.), (.), (.), and the first equation of (.) that
The comparison principle [], (.), (.), and (.) imply (.) holds. The proof is complete.
In the following, we use the first Dirichlet eigenvalue λ  of the Laplacian and the corresponding eigenfunction  for a regionD ⊇ D:
Further since  (x) is determined up to an arbitrary multiplicative constant, we can normalize  (x) by
Lemma . Let u be a classical solution of the problem (.). Suppose that assumptions (.), (.), and (.) hold and
Then u(x, t) satisfies the following inequality:
where
Proof Construct the following auxiliary function:
Here, (.) and the fact that g ≤  imply
It follows from Lemma ., (.), and (.) that
Thus, we have
With (.), (.), and (.), we have
(.) It follows from (.), (.), and the comparison principle that
With (.) and (.), we derive (.). The proof is complete.
Next, we can get Theorem . from Lemmas .-.. 
Then we have
Proof We assume that (.) cannot hold. There exists a first timet < ∞ for which
reaches the value λ  . Thus, we have
The fact that
is a nondecreasing functions in s, (.), and Lemma . imply
and
Hence, we have
which contradicts with the inequality (.). So we conclude thatt = ∞ and (.) holds. The proof is complete.
Exponential decay estimate
In this section, we will use a comma to denote partial differentiation and adopt the summation convection, i.e., if an index is repeated, summation from  to N is understood, for example,
Hence, the differentiated form of the first equation of (.) is
In order to get the exponential decay bounds for the derivatives of the solution, we consider
where a ≥  and  < β ≤  are some positive constants to be determined. Our main result is Theorem ..
Theorem . Let u be the classical solution of the problem (.). Suppose the following. (i) The inequalities (.), (.), (.), and (.) hold and
where b is a positive constant.
where d is the in-radius of D and
with c given in Lemma .. Thus, (x, t) takes its maximum value at t = , i.e.,
with
Proof The theorem will be proved in three steps.
Step . Differentiating (.), we get
It follows from the first equation of (.) that
It follows from (.) that
Multiplied by g  u ,i from (.), we have
We substitute (.) into (.) to obtain
It follows from (.) that
It follows from (.) and (.) that
Next, we use the Cauchy-Schwarz inequality in the following form:
Further, with (.) and (.), we obtain
where W := {x ∈ D : ∇u(x, t) = } is the set of critical points of u. Substituting (.) into (.), we have
Integrating (.) from  to u(x, t) and using (.), we get
Making use of the fact that a ≥ , (.), and (.), we have
Moreover, by (.), it is easy to see
It follows from Theorem . that
Next, it follows from (.), (.), (.), and Lemma . that
Consequently, (.), (.), and (.) imply
By means of the maximum principle, we have the following possible cases where may take its maximum value:
(a) on the boundary ∂D × (, T), (b) at a point where ∇u = , (c) for t = .
Step . We first exclude the case (a). Assume (x, t) takes its maximum value atQ = (x,t) on ∂D. Since u =  on ∂D, we have
With (.) and f () = , evaluated on ∂D ∈ C ,ε , we get
where K is the average curvature of ∂D. By (.) and (.), we are led to
which contradicts with the maximum principle. Hence, cannot take its maximum value on ∂D.
Step . In the following, we exclude the case (b). Assume (x, t) takes its maximum value at a critical pointQ = (x,t).
Thus we have
Replacing t witht in (.), we obtain
sg(s) ds, from which we have
is a nondecreasing function. It follows from (.) and (.) that
which contradicts with (.). The proof is complete. Now,
Applications
We have Hence, we have
H  e -βt = .e -t , which is the exponential decay estimate of the gradient for the solution.
